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a b s t r a c t
Hail strikes, possibly exceeding an energy level of 50 J, may cause damage to thin-gauged composite
airplane structures in the form of an indentation or puncture of the top facesheet. If not repaired properly,
they may trigger extensive damage to airplane structures and disruptions to airline operations, therefore
posing a major maintenance and repair concern for the airlines. It is important that both the original
equipment manufacturer and the airlines be able to classify the hail strike damage in order to establish
appropriate repair procedures. This study presents a methodology to assist engineers in the classiﬁcation
of the repair type for hail strike damage through the determination of allowable damage size. The meth-
odology involves an accurate prediction of stress and strain ﬁelds and residual strength prediction. The
stress analysis is performed by utilizing a plate element based on a higher-order single-layer theory.
The damage zone model, previously used for notched panels, has been employed to predict the residual
strength of sandwich panels with indented facesheets subjected to tensile load. The failure load is estab-
lished when crack propagation in the facesheet becomes unstable.
 2008 Elsevier Ltd. All rights reserved.
1. Introduction
Thin-gauged composite airplane structures may suffer from hail
strikes that result in dents and punctures, as shown in (Fig. 1). Dis-
regarding such damage may lead to a signiﬁcant loss of stiffness,
which can cause extensive damage to airplane structures and,
therefore, disruptions to airline operations. Thus, hail strike dam-
age poses a major maintenance and repair concern for the airlines.
Depending on the severity of the hail strikes, the OEM (original
equipment manufacturers) classiﬁes the repair as either ‘‘major”
or ‘‘minor.” A minor repair has no appreciable effect on airline
operations. However, a major repair has a signiﬁcant effect and
may require extensive static, fatigue, and damage tolerance
strength justiﬁcation and/or testing. Most of these repairs are not
covered by the aircraft structural repair manual.
The Federal Aviation Agency (FAA) and European Aviation
Safety Agency (EASA) require that a repair scheme for a major re-
pair be submitted to the OEM for their approval before starting the
repair. However, minor repairs can be approved by an airline’s de-
sign engineers, provided they submit justiﬁcation of the classiﬁca-
tion to the OEM. It is important that both the OEM and the airlines
are able to classify the hail strike damage in order to determine the
appropriate repair procedures so as to minimize disruptions of
operations. This study presents an analysis method to assist engi-
neers in determining allowable damage size through the residual
strength prediction of sandwich panels having hail strike damage.
An efﬁcient analysis method is required to compute the stress
and strain ﬁelds in the damaged panel before undertaking the task
of failure prediction. A stress analysis of sandwich panels with de-
fects such as dents and punctures is a formidable task because of
the presence of dissimilar materials and sharp changes in geome-
try. The effect of local bending in the vicinity of punctures and
dents is signiﬁcant in predicting the stress ﬁeld and, thus, the
residual strength. In addition, computational difﬁculties arise be-
cause the thickness of the facesheet is highly disproportionate to
the in-plane dimensions.
A comprehensive review by Abrate [1] deals with the effect of
impact on sandwich panels whereas the review by Tomblin et al.
[2] focuses on the damage tolerance methods relevant to sandwich
panels. Several analysis tools have been developed that are based
on various assumptions, such as disregarding the presence of local
bending due to the unsymmetrical nature of the damaged panel.
Moreover, very often the damage is modeled as a soft inclusion
[3,4] or a single equivalent delamination [5,6] and the actual geom-
etry of the dent is not considered.
Cairns [3] utilized complex analytic functions for calculating the
strains in an anisotropic plate with an elastic inclusion while disre-
garding the presence of the core and the back facesheet. Utilizing
the near- and far-ﬁeld strain values, the ultimate strength predic-
tion was based on the Whitney–Nuismer criterion. A similar ap-
proach was adopted by Razi et al. [4] to determine the stress
distribution in sandwich panels with arbitrarily located damage.
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This approach is limited to in-plane loading and disregards the
presence of transverse normal and shear stresses in the skin. Fur-
thermore, the core sustains only shear loading, thus also disregard-
ing the presence of transverse displacements. The dent depth was
included in the study by Minguet [7], although the degradation of
material properties of the damaged facesheet was not considered.
An accurate stress analysis of sandwich panels with common
defects can be performed by employing standard three-dimen-
sional ﬁnite elements [8–12]. Although these elements accurately
model a sandwich panel, they are computationally costly, espe-
cially in the presence of defects, due to the mesh reﬁnement pre-
sented by disproportionate length scales in the thickness and
planform dimensions. An alternative to these elements is an ele-
ment developed by Das et al. [13,14] based on a single-layer plate
theory in which the weighted-average ﬁeld variables capture the
panel deformation and the complete stress ﬁeld.
Although many criteria for determining failure stresses in com-
posite materials, such as point stress, strain energy density, and en-
ergy release rate, exist in the literature, they all have limitations.
Their major limitation arises from the fact that the fracture process
in composites involves ﬁber breakage, matrix cracking, ﬁber–ma-
trix debonding, and laminae separation during loading. In other
words, a damage zone, rather than a ‘‘clean” crack, develops in
the regions of stress concentration. In order to account for the cul-
mination of these failure processes, a damage zone model (DZM) in
conjunction with a ﬁnite element analysis was developed by Backl-
und [15] and Clarin et al. [16]. This criterion provides a failure
stress prediction, and its validity for laminates and sandwich pan-
els was substantiated by extensive experimental measurements at
The Boeing Company by Razi et al. [17] and Razi [18]. The usage of
DZM is limited to composite laminates and sandwich panels with
holes and cracks [15–20]. The current analysis utilizes the DZM
in conjunction with a separate stress analysis tool to predict the
residual strength of sandwich panels with facesheet indentation.
2. Problem statement
The construction of a sandwich panel with facesheets and a core
is illustrated in (Fig. 2). The mid-plane of the sandwich panel coin-
cides with the (x,y) plane of the reference coordinate system. The
thicknesses of the core and facesheets are denoted by hc and hf,
respectively. The thickness of the facesheet remains constant, but
the core thickness varies in the damaged region. The panel has a
rectangular planar geometry with length L and width W. The face-
sheets, as well as the core, can be composed of homogeneous, elas-
tic, and orthotropic material layers. Each ply forming the
facesheets has elastic moduli E1, E2, and E3; shear moduli G12,
G13, and G23; and Poisson’s ratios m12, m13, and m23 (where subscripts
1, 2, and 3 are the material coordinates). For an isotropic core
material, the Young’s modulus and Poisson’s ratio are deﬁned as
Ec and mc, respectively. For an orthotropic core, its moduli (Exx,
Eyy, Ezz,Gxy, Gyz, and Gxz) and Poisson’s ratios (mxy, myz, and mxz) are de-
ﬁned with respect to the reference frame.
As shown in Fig. 2, single or multiple damage sites in the form of
a dent, puncture, and facesheet cutout may exist in the sandwich
panel. A dent is deﬁned as a permanent surface depression without
facesheet cracking. A puncture is deﬁned as a surface depression
with several cracks, represented by a reduction in stiffness. A punc-
ture with extensive facesheet cracking has a 100% stiffness reduc-
tion, thus resulting in a facesheet cutout. These three damage types
are shown in Fig. 3. As shown in Fig. 4, the damaged sandwich pa-
nel may experience in-plane and out-of-plane loading, thus requir-
ing a complete description of the stress and strain ﬁelds for an
accurate residual strength prediction.
The problem posed herein concerns the determination of the
complete stress and strain ﬁelds and the residual strength predic-
tion of sandwich panels with dents and cutouts under general
boundary and loading conditions.
3. Solution method
3.1. Complete stress and strain ﬁelds
Extreme differences in anisotropic material properties in sand-
wich panels and the presence of local bending in the vicinity of
punctures and dents pose computational difﬁculties in performing
stress analysis under in-plane and out-of-plane loading. In order to
take advantage of the computational efﬁciency of the single-layer
theory, this study utilizes a new triangular ﬁnite element for mod-
eling sandwich panels with defects. The capability of this new tri-
angular sandwich ﬁnite element, developed by Das et al. [13], was
Fig. 2. Geometry of a sandwich panel with facesheet damage.
Fig. 1. Extent of hail damage on the sandwich construction ﬂap of a wing.
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demonstrated using two distinct damage conﬁgurations in the
form of a facesheet cutout and core crushing under either tension
or bending [14].
In accordance with the single layer theory, only one element is
used to represent the panel through the thickness. Moreover, each
element is required to have a constant thickness. A sandwich ele-
ment in the undamaged region is composed of two facesheets with
a soft core in between, as shown in Fig. 5. However, in the damaged
region, the elements have a layer of ‘‘dummy” material, of thick-
ness of hd, along with the fasesheet and core. Although this
‘‘dummy” material should typically have a zero stiffness value
but such material properties result in an ill conditioned stiffness
matrix. On the other hand material properties that are comparable
to the facesheet properties give rise to a load bearing ‘‘dummy”
layer. Therefore, based on several numerical experiments a stiff-
ness value that is three orders of magnitude lower than that of
the facesheet is chosen to avoid ill-conditioning and to ensure that
the fraction of load carried by the ‘‘dummy” layer is nominal. As
shown in Fig. 6, the thickness of the ‘‘dummy” layer remains con-
stant in the cutout region whereas, for a panel with a dent, it varies
with the radial distance of the element from the center of the dent.
A crushed core can also be modeled by degrading the material
properties of a portion of the core of thickness hcc. Since the plate
element can have an arbitrary stacking sequence, the undamaged
and damaged region can be modeled in a fairly straightforward
manner. This new element, based on the {3,2}-order plate theory,
in conjunction with the hybrid energy functional, captures the var-
iation of displacement and stress ﬁelds in the in-plane and thick-
ness directions.
The triangular element contains 13 degrees of freedom at each
node, as shown in Fig. 7. These degrees of freedom consist of two
in-plane displacements (u,v), two out-of-plane rotations (hx,hy),
and three transverse nodal displacements (w,w1,w2) and their
derivatives (w,x,w,y,w1,x,w1,y,w2,x,w2,y). The weighted-average
in-plane displacement components in the x- and y- directions are
Fig. 3. Sandwich panel with (a) dent, (b) puncture, and (c) facesheet cutout.
Fig. 4. Sandwich panel under (a) in-plane, (b) out-of-plane bending, and (c) lateral
loads.
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denoted by u and v, respectively. The weighted-average transverse
displacement is denoted byw. The weighted-average bending rota-
tions about the negative x- and positive y-axes are denoted by hx
and hy, respectively. Their positive sign convention is shown in
Fig. 7. The transverse displacements (w1,w2), not weighted-aver-
aged, represent the symmetric and anti-symmetric expansion
modes through the thickness of the element. The displacement
components of the sandwich panel are deﬁned in the form
uxðx; y; zÞ ¼ u0ðx; yÞ þ u1ðx; yÞfþ u2ðx; yÞf2 þ u3ðx; yÞf3; ð1aÞ
uyðx; y; zÞ ¼ v0ðx; yÞ þ v1ðx; yÞfþ v2ðx; yÞf2 þ v3ðx; yÞf3; ð1bÞ
uzðx; y; zÞ ¼ wðx; yÞ þw1ðx; yÞfþw2ðx; yÞðf2  1=5Þ; ð1cÞ
where f = z/h is the normalized thickness and varies in the range
1 6 f 6 1. In accordance with the {3,2}-order plate theory, the
in-plane displacement components vary cubically and the trans-
verse displacement component varies quadratically across the
thickness of the panel. At any point in the panel, the in-plane dis-
placement components in the x- and y-directions are represented
by ux(x,y,z) and uy(x,y,z), respectively, and the transverse displace-
ment component by uz(x,y,z).
As derived in detail in Ref. [13], ui and vi(i = 0,1,2,3) can be ex-
pressed in terms of the weighted-average quantities through the
thickness of the panel, (u,v,w,hx,hy) and (w1,w2). The in-plane dis-
placements ux(x,y,z) and uy(x,y,z) can then be expressed as
uxðx; y; zÞ ¼ uðx; yÞ þ hfhyðx; yÞ þ 16  f
2
2
 
hw1;xðx; yÞ
þh f5  f
3
3
 
5
4 ðhyðx; yÞ þw;xðx; yÞÞ þw2;xðx; yÞ
 
;
ð2aÞ
uyðx; y; zÞ ¼ vðx; yÞ þ hfhxðx; yÞ þ 16  f
2
2
 
hw1;yðx; yÞ
þh f5  f
3
3
 
5
4 ðhxðx; yÞ þw;yðx; yÞÞ þw2;yðx; yÞ
 
:
ð2bÞ
By employing the strain–displacement relations, the strain compo-
nents can be expressed in the form
eab ¼ ð0Þeab þhfð0Þjab þ 16
f2
2
 !ð1Þ
eab þh f5
f3
3
 !ð1Þ
jabða;b¼ x;yÞ;
ð3aÞ
ezz¼ð0Þezz þ2hfð0Þjzz; ðcyz;cxzÞ ¼
5
4
ð1 f2Þðð0Þcyz;ð0ÞcxzÞ: ð3bÞ
where the left superscripted (0) and (1) correspond to the lower-
and higher-order terms, respectively. The resultant normal and
shear strains, (‘)eab and (‘)cab, and curvatures, (‘)jab, with
(a,b = x,y,z) and (‘ = 0,1), in Eq. (3) are given in Ref. [13]. The consti-
tutive relation can be expressed in terms of the compliance matrix C
in the form
E ¼ CS; ð4Þ
where the vectors S and E consist of the resultant stress and strain
components. The governing equations concerning the equilibrium
equations and continuity of interelement displacements along the
element edges are derived utilizing the hybrid energy functional.
The resulting equations of equilibrium and boundary conditions
are derived in Ref. [13]. The kinematic continuity conditions are im-
posed not only on the weighted-average displacements and slopes,
(u,v,w,hx,hy), but also on the derivatives of the higher-order
Fig. 5. Through the thickness layup of an element in the (a) undamaged, (b) cutout,
and (c) dent region.
Fig. 6. Finite element modeling of (a) facesheet cutout and (b) dent.
Fig. 7. Three-noded triangular element with degrees of freedom at a node.
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displacement modes, (w1,w2), in the transverse direction. Therefore,
the ﬁnite element implementation of the equilibrium equations re-
quires at least C1 interelement continuity for the out-of-plane dis-
placement modes of w, w1, and w2. Because of this requirement,
the ﬁnite element implementation of the total potential energy
functional in terms of the assumed displacement ﬁeld becomes
rather difﬁcult. The hybrid energy functional formulation over-
comes the difﬁculty of the C1 interelement continuity requirement
because the displacements, as well as the slopes, are independently
assumed only along element boundaries, which can be rendered
identical along the common boundaries of adjacent elements. How-
ever, the kinematic compatibility between the displacements and
slopes along the element boundaries is preserved in order to avoid
a possible shear-locking phenomenon. Also, as part of the hybrid
energy functional formulation, the stress and moment resultants
within the element are selected in the form of complex power series
so as to satisfy the equilibrium equations.
The hybrid energy functional for an element, PH, is deﬁned as
PH ¼ 12
Z
Ae
STCSdAþ
Z
Ae
STt EdA
Z
Ce
TTbubdC; ð5Þ
in which the element boundary is denoted by Ce and its area by Ae.
The vectors Tb and ub include the components of the boundary
forces and boundary displacements, respectively. In accordance
with the hybrid energy formulation, the resultant stress vector, S,
must satisfy the equilibrium equations identically. The derivation
of the resultant stress vector, S, satisfying the equilibrium equations
is presented in Ref. [13]. Also, the boundary displacement vector,
uðkÞb , containing the assumed boundary displacement components
and the boundary stress vector, TðkÞb , containing the resultant stres-
ses and moments corresponding to the boundary displacement vec-
tor uðkÞb are given in Ref. [13]. Therefore, substituting for the stress
vector, the boundary displacement and boundary stress vectors in
the hybrid energy functional result in
PH ¼ 12b
THbþ kTcbþ RTbb RTvv bTGvþP0; ð6Þ
where
H ¼
Z
Ae
PTCPdA; ð7aÞ
G ¼
X
k
Z
CðkÞ
PTBðkÞs B
ðkÞ
b L
ðkÞdC; ð7bÞ
Rb ¼
Z
Ae
ST0CPdA; ð7cÞ
Rv ¼
X3
k¼1
Z
CðkÞ
ST0B
ðkÞ
s B
ðkÞ
b L
ðkÞdC; ð7dÞ
P0 ¼ 12
Z
Ae
ST0CS0dA; ð7eÞ
in which the explicit deﬁnition of each of the matrices and vectors is
given in Ref. [13]. In matrix form, the hybrid energy functional,PH,
can be rewritten as
PH ¼ 12 b^
TH^b^þ R^Tbb^ RTvvþ b^TG^vþP0; ð8Þ
where
b^T ¼ fbT; kTg; H^ ¼ H c
T
c 0
 
; R^Tb ¼ fRTb;0Tg; G^ ¼
G
0
 
:
In accordance with the concept of energy minimization, the ﬁrst
variation of the hybrid energy functional with respect to the un-
known vector b^ of generalized coordinates yields
db^TðH^b^þ R^b  G^vÞ ¼ 0 or b^ ¼ H^1ðG^v R^bÞ: ð9Þ
With this explicit solution form, the hybrid energy functional
becomes
PH ¼ 12v
Tkvþ fT0vþP0; ð10Þ
in which the stiffness matrix k and the resultant force (load) vector
f0 are deﬁned as
k ¼ G^TH^1G^ and fT0 ¼ R^TbH^1G^ R^Tv : ð11Þ
Finally, the element equilibrium equation is obtained by requiring
the ﬁrst variation of the hybrid energy functional to vanish
dPH ¼ dvTðkv f0Þ ¼ 0: ð12Þ
For arbitrary variation of dv, the element equilibrium equations
become
kv ¼ f0: ð13Þ
3.2. Residual strength prediction
The damage zone model (DZM) developed by Backlund [15] and
Clarin et al. [16] and later extended by Razi et al. [17] is employed
for the residual strength prediction of sandwich panels with vari-
ous types of damage. Sandwich panels subjected to tensile load
have been considered for the present analysis, and it is assumed
that the mode of failure is facesheet failure. Therefore, only the
damaged facesheet is considered for residual strength prediction.
Prior to failure, a damage zone (DZ) develops in the region of stress
intensiﬁcation in the facesheet, as illustrated in Fig. 8a. As shown in
Fig. 8b, the DZ manifests itself as a strain-softening material that is
partially intact and still sustains loading.
The DZ is replaced with a through-the-thickness crack while
imposing cohesive stresses, r(x), on the crack surfaces. An exten-
sive DZ is represented by either reduction or removal of the cohe-
sive stresses. As illustrated in Fig. 9, the removal of the cohesive
stresses represents a completely impaired damage zone, leading
to the creation of crack surfaces. A real crack is formed for a crack
opening displacement, u(x), greater than its critical value, uc. The
DZM is based on a bilinear softening law (shown in Fig. 10) and,
thus, a progressive failure analysis accounts for the formation
and growth of the crack.
Fig. 8. Composite panel (a) with a damage zone and (b) the corresponding cohesive
crack.
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The DZM requires elastic moduli and bi-linear softening behav-
ior that is characterized by undamaged (unnotched) strength, r0,
critical displacement, uc, and break point, (a,b). As discussed by
Razi et al. [17], a constant value of a = 0.5 has been chosen since
the damaged (notch) strength is insensitive to the value of a. A
characteristic length, Lch, related to the apparent fracture energy,
Gc, depends on the material lay-up, damage type, and geometry.
The apparent fracture energy is deﬁned as
Gc ¼
Z uc
0
rðuÞdu ¼ 1
2
r0ucðaþ bÞ: ð14Þ
Based on the concepts of fracture mechanics, Razi et al. [17] intro-
duced a relationship between the characteristic length and the
apparent fracture energy in the form
Lch ¼ GcExxr20
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2Eyy=Exxﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Eyy=Exx
p  myx þ Eyy=2Gxy
s
: ð15Þ
Invoking the value of Gc from the bi-linear softening behavior per-
mits determination of the critical value, uc, as
uc ¼ 2r0Exx
Lch
ðaþ bÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Eyy=Exx
p  myx þ Eyy=2Gxy
2Eyy=Exx
s
: ð16Þ
The value of b and the characteristic length, Lch, are not known ini-
tially and, therefore, an inverse approach is adopted to obtain these
quantities. Experiments are performed to obtain the notched
strength for two different conﬁgurations having the same material
lay-up, damage type, and ratio of damage diameter to specimen
width. The inverse approach begins with the computation of the
notched strength, using the DZ analysis, for a range of values for
Lch and b. Therefore, a contour plot is obtained that depicts the
notched strength as a function of Lch and b. The contour line that
corresponds to the notched strength obtained from the experiment
is identiﬁed. This procedure is repeated for both the small and large
specimens (see Fig. 11). The intersection point of the two lines in
Fig. 11 gives the values of Lch and b that are used for subsequent
DZ analysis. Materials with a linear softening behavior have the va-
lue of b set to 0.5 and require the notched strength from only one
experiment. In this case, the DZ analysis is performed with different
Lch values and the one for which the notched strength matches the
experimental results is used for subsequent DZ analysis.
The implementation of the DZM is achieved by ﬁrst generating
the ﬁnite element discretization of the facesheet having a reﬁned
mesh in the region of the damage zone, and then performing sub-
structuring in order to minimize the computations required for
each load step in the prediction of the failure load. Although the
size of the damage zone is on the order of the characteristic length,
Lch, it is assumed that the damage zone can propagate along the full
length of the panel. Also, during the discretization along the dam-
age zone, the distance between the two consecutive DZ nodes is
speciﬁed byDa = Lch/10. As illustrated in Fig. 12, the substructuring
reduces the complete stiffness matrix of the ﬁnite element model
to a condensed stiffness matrix, which relates the external load
and DZ nodal forces to the external displacement and DZ nodal
displacements.
The load necessary to trigger the propagation of cohesive crack
formation is determined by searching for an external load and dis-
placement, as well as the DZ nodal forces and nodal displacements,
such that (i) the stress at the ‘‘crack” tip equals the unnotched
strength, r0, and (ii) the cohesive stresses acting on the ‘‘crack”
surfaces follow the bi-linear softening behavior. As shown in Fig.
13, failure occurs when crack growth becomes unstable and is
characterized by a drop in the external load. Although the material
behavior is linear, the relationship between the applied load and
the damage zone length is nonlinear because of the softening
behavior in the DZ. The resulting maximum load is taken as the
ultimate load of the structure. Details of the various steps involved
in the DZM are given in the Appendix A.
The DZM analysis for a facesheet with a cutout can readily be
performed using the mesh shown in Fig. 12. Similarly, a facesheet
with a slit can also be analyzed, provided the cutout is replaced
with a slit in the mesh. In the case of a panel with a dent or punc-
ture, replacing the impact zone with a cutout in order to perform
the DZM analysis would result in an erroneous residual strength
prediction due to overestimation of the stress ﬁeld in the vicinity
of the damage. Therefore, the cutout in the mesh in Fig. 12 is re-
placed with an inclusion that has a reduced stiffness in comparison
to the undamaged facesheet. The objective is to perform the DZ
analysis on a facesheet with an inclusion that exhibits characteris-
tics similar to those for a facesheet with a dent. The amount of
Fig. 9. Real crack formation and stresses on cohesive crack surfaces.
Fig. 10. Bi-linear softening behavior in the damage zone.
Fig. 11. Determining the characteristic length, Lch, and the bi-linear break point, b.
408 M. Das et al. / Composite Structures 88 (2009) 403–412
reduction in stiffness is established by performing a stress analysis
and matching the stress concentration in the sandwich panel with
the actual geometry of the dent to those of a panel whose top face-
sheet has a material (inclusion) with degraded properties. The stiff-
ness reduction is established by considering varying stiffness
values for the inclusion. The reduction in stiffness for a facesheet
with a cutout or slit is 100%.
4. Numerical results
The capability of the current analysis is demonstrated by con-
sidering sandwich panels with a facesheet cutout, slit, and dent.
The facesheet has thickness of hf = 0.0498 in., and the thickness
of the panel is 2h = 1.0 in. The width and length of the panel are
speciﬁed as W = 4 in. and L = 12 in. In the presence of a facesheet
with a dent, the indentation radius and depth are speciﬁed as
r = 0.65 in. and Y = 0.042 in., respectively. The entire core is as-
sumed to retain its original material properties and, therefore,
hcc = 0.0 in. for all the elements. The material properties for the
facesheets are speciﬁed as Exx = Eyy = 6.92  106 psi, Ezz =
1.0  106 psi, Gxy = 1.77  106 psi, Gyz = Gxz = 885  103 psi, and
mxy = myz = mxz = 0.217. The unnotched strength of the laminate is
r0 = 3.46  104 psi. For this material, the fracture process zone is
characterized by a linear softening behavior, i.e. b = 0.5. The core
properties are speciﬁed as Exx = 51.0 psi, Eyy = 26.0 psi, Ezz =
20.0  103 psi, Gxz = 6.5  103 psi, Gyz = 3.5  103 psi, mxy = 0.333,
and myz = mxz = 0.0.
4.1. Validation against FEM with brick elements
Concerning sandwich panels with a facesheet cutout under in-
plane loading, the validity of the stress analysis with this new
sandwich element is established by a comparison against ﬁnite
element predictions with conventional solid elements using
ANSYS. The facesheet cutout has a radius of r = 0.65 in. A compar-
ison of the normalized stress, ryy, in the direction of the applied
tension load along the center line is shown in Fig. 14. The results
from the current analysis are in good agreement with those of
ANSYS.
Concerning the sandwich panels with a dent, comparisons of
the normalized stress, ryy, in the direction of the applied load for
both in-plane and bending loading are shown in Figs. 15 and 16,
respectively. The normalized stress is obtained at the top, middle,
and bottom surfaces of the damaged facesheet. The results ob-
tained from the present analysis capture the stress concentration
at the top layer in the vicinity of the dent. The trends in the
middle and bottom layers are also in good agreement with those
of ANSYS.
Fig. 12. Finite element discretization and substructuring for DZ analysis.
Fig. 13. Determination of the failure load as the crack growth becomes unstable.
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4.2. Residual strength prediction
After establishing the validity of the stress analysis, a DZM anal-
ysis of a sandwich panel with a facesheet cutout under tension was
performed. Utilizing one experimental data for notched strength
permits the determination of the characteristic length, Lch. The
DZ analysis is then performed for panels with various cutout sizes,
although the ratio of cutout sizes to specimen width is the same;
results are shown in Fig. 17. Similarly, the DZ analysis is performed
for panels with a slit. The residual strengths for varying slit sizes
are shown in Fig. 18. The notched strength for a small slit width
is comparable to that of the panel with a circular cutout. As the
damage size increases, the slit takes the shape of a crack and the
stress concentration increases. Hence, unlike the panel with a cut-
out where the notched strength converges to a constant value for
large specimens, the notched strength for a slit keeps decreasing
with increasing slit size.
Fig. 14. In-plane stress in a sandwich panel with a facesheet cutout subjected to in-
plane loading.
Fig. 15. In-plane stress in a sandwich panel with a dent subjected to in-plane
loading.
Fig. 16. In-plane stress in a sandwich panel with a dent subjected to out-of-plane
bending.
Fig. 17. Residual strength of the sandwich panel with a circular facesheet cutout.
Fig. 18. Residual strength of a sandwich panel with a slit on the facesheet.
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The stiffness of the dented region (inclusion) is established by
matching the stress concentration from the sandwich panel analy-
sis having the actual geometry of the dent with those of a panel
whose top facesheet has an inclusion with a degree of degradation
that represents the dent. As shown in Fig. 19, an inclusion with 40%
stiffness degradation and the dent have similar effects on the stress
concentration in the vicinity of the damage. After the stiffness
reduction is established, the DZM is readily applied to the face-
sheet with an inclusion. The residual strength prediction is shown
in Fig. 20 for increasing dent size. The dented region retains some
load-carrying capacity and, therefore, the reduction in residual
strength is not very drastic.
5. Conclusions
In order to minimize the disruption of operations, both the OEM
and the airlines must be able to classify hail strike damage in order
to determine the appropriate repair procedure. Therefore, a meth-
odology has been developed to assist engineers in the classiﬁcation
of repair types for hail strike damage. The stress analysis and the
residual strength prediction are robust and credible. With the
appropriate experimental data, this approach assists the airline
ﬁeld engineers in calculating allowable strength and damage limits
and in developing a design guide for minor and major repairs. The
current methodology is applicable for a variety of damages like
cutout, slit, dent, and puncture. Repairs usually involve the
replacement of the damaged ﬁber reinforcement and core in order
to meet regulatory requirements. The repaired cutout and the
crushed core therefore have mechanical properties that are de-
graded from those of undamaged materials. This approach can also
be employed for predicting the strength of the repaired panels.
Appendix A
A residual strength prediction using the DZM is performed by
ﬁnite element analysis employing static condensation to compute
a reduced stiffness matrix. The presence of symmetry facilitates
the analysis by considering only one-quarter of the facesheet.
The initial load, P0, triggering the formation of a cohesive crack at
the location of highest stress concentration is determined by
searching for a value of the external load that results in a value
of stress that is equal to the unnotched strength.
As shown in Fig. 21a, by suppressing the displacements of all
the nodes in the damage zone (ui = 0), the condensed stiffness ma-
trix takes the following form
P0
F01
" #
¼ k11
k21
 
½d0; ðA1Þ
in which the nodal value F01 ¼ r0hfDa=2 at the location of highest
stress concentration and Da denotes the incremental crack growth.
Thus, the initial failure load becomes
P0 ¼ k11r0hfDa=2k21: ðA2Þ
For the Nth load step, the condensed stiffness matrix relates
only the external load, PN, and DZ nodal forces, FN1 to F
N
Nþ1, to the
external displacement, dN, and the DZ nodal displacement, uN1 to
uNN . Thus, it is of the form
PN
FN1
..
.
FNNþ1
2
666664
3
777775 ¼
k1;1 k1;2    k1;Nþ1
k2;1 k2;2    k2;Nþ1
..
. ..
. . .
. ..
.
kNþ2;1 kNþ2;2    kNþ2;Nþ1
2
66664
3
77775
dN
uN1
..
.
uNN
2
666664
3
777775: ðA3Þ
Fig. 19. Stiffness reduction for the inclusion representing the dent.
Fig. 20. Residual strength of a sandwich panel with a dent on the facesheet.
Fig. 21. Conﬁguration of the nodes inside the expected damage zone at the (a)
initial and (b) Nth load step.
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The Nth external load is determined by considering the pres-
ence of a cohesive crack of length NDa, as shown in Fig. 21b. The
DZ nodal forces, FN1 to F
N
Nþ1, and the nodal displacements along
the crack, ui, are computed such that the stress at the crack tip
equals the unnotched strength, r0, and cohesive stresses act on
the crack surfaces.
As shown in Fig. 22, the lumped nodal forces due to the pres-
ence of distributed cohesive stress acting on an element are ex-
pressed as
FNi ¼
Z 1
1
Da
4
ð1 gÞhfrðuÞdg; ðA4aÞ
FNiþ1 ¼
Z 1
1
Da
4
ð1þ gÞhfrðuÞdg; ðA4bÞ
where the crack opening displacement, u, inside the ith element is
expressed in terms of the nodal displacements as
uðgÞ ¼ ð1 gÞui þ ð1þ gÞuiþ1; ðA5Þ
and g is the line coordinate. The cohesive stress, r(u), can have var-
ious forms, such as linear, bi-linear, and exponential. In order to
automate the computational process, the cohesive stresses are ex-
pressed in terms of Chebyshev polynomials
rðuÞ ¼ a0
2
þ
XM1
m¼0
amTmðuÞ þ aM2 TMðuÞ; ðA6Þ
where the coefﬁcients am have the following form
am ¼ 2M
XM
k¼0
rðucðcosðkP=MÞ þ 1Þ=2Þ cosðmkp=MÞ: ðA7Þ
Expressing the cohesive stress in terms of a single polynomial func-
tion is advantageous in the case where a bi-linear variation is as-
sumed, where locating the breakpoint along the ‘‘crack” becomes
crucial. The expression of the nodal forces in conjunction with Eq.
(A3) leads to the following nonlinear system of equations, which
is solved using the Newton–Raphson method
k2;1 k2;Nþ1
. .
.
kNþ2;1 kNþ2;Nþ1
2
664
3
775
dN
..
.
uNN
2
664
3
775
FN1
..
.
FNNþ1
2
664
3
775 ¼ 0: ðA8Þ
The evaluation of the nodal and external displacements leads to the
computation of the external load as follows
PN ¼ k1;1    k1;Nþ1½ 
dN
..
.
uNN
2
664
3
775: ðA9Þ
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